Modern implantable medical devices such as pacemakers and neurostimulators offer an ever-increasing array of therapies and features that improve the management of disease states. 1 These features ͑e.g., increased computational power, sensing and long-distance telemetry͒ demand the device batteries to be increasingly high-power capable, without compromising on the excellent energy density provided by traditional Li/I 2 batteries. One possible solution, the Li/ silver vanadium oxide ͑SVO͒ battery, has attractive attributes such as high power density and a stepped voltage-capacity curve with a plateau near the end of discharge. ͑The latter feature provides an ample and reliable end-of-service warning for device replacement prior to battery depletion. [2] [3] [4] [5] [6] ͒ Therefore, the Li/SVO battery is the present state-of-the-art power source for implantable cardioverter defibrillators, which demand peak power loads as high as 10 W from the battery. However, for devices in which such high power is not needed, the Li/SVO battery may be less attractive because its energy density is substantially lower than the Li/I 2 battery. Another possible solution is the Li/CF x battery, which has comparable energy density to the Li/I 2 battery, although lower power density than the Li/SVO battery. Further, an end-of-service warning is relatively more difficult with the Li/CF x battery because its voltage-capacity curve remains nearly flat for most of discharge and falls off steeply near the end.
In recent years, Medtronic introduced a battery whose cathode contains a mixture of CF x and SVO, preserving the best properties of each ͑namely, high energy and power densities, respectively͒. This battery, known as the Li/CF x -SVO hybrid-cathode battery, has comparable energy density to Li/I 2 , but with about two orders of magnitude greater power density. 1, 7 In addition, the hybrid-cathode battery exhibits the same voltage plateau near the end of discharge as the Li/SVO battery, allowing for a convenient and reliable endof-service warning. By modulating the mix ratio of CF x and SVO, one can tune the battery's power-energy characteristic as well as the time interval between end-of-service warning and battery depletion.
To characterize lithium batteries containing hybrid cathodes, a mathematical model was developed that predicts battery performance over a range of design parameters and operating conditions relevant to implantable medical devices. Since these applications typically involve discharges lasting months to years, phenomena having shorter time scales ͑e.g., capacitance͒ are ignored in the model, with discharge characteristics being governed by the relative reaction kinetics of the hybrid system. The resulting mathematical model is a set of coupled ordinary differential and algebraic equations that is highly nonlinear, and requires a numerical solution to predict battery performance. To obtain the requisite thermodynamic and kinetic parameters, the model simulations are first fit to discharge data from Li/CF x and Li/SVO batteries. The model simulations are then compared to discharge curves from Li/CF x -SVO hybrid-cathode batteries of various mix ratios, electrode thicknesses and geometric areas. Finally, limits on discharge rates and battery design are established, within which the model accurately predicts performance.
Experimental
The data used in developing and validating the model were obtained from the batteries listed in Table I . The batteries were all cathode limited but differed in mix ratio, electrode thickness, or geometric area and, therefore, in cathode mass and capacity. The mass and capacity of the active materials are related by Faraday's law, taking into account that CF x and SVO consume 1 and 6 equivalents of Li, respectively. The maximum capacity is the sum of the individual capacities, and the mix ratio is the ratio of the individual capacities. The cathode is a porous pellet made of CF x , SVO, and inert materials pressed onto the current collector. The separator is inert porous polyethylene, and the anode is Li metal pressed onto a current collector. The pores of the cathode and separator are flood-filled with electrolyte ͑1 M LiBF 4 in ␥-butyrolactone/ dimethoxyethane͒ with excess filling the headspace and other voids in the can.
During operation the batteries were maintained at 37°C and discharged at various currents. For some of the low discharge currents used here, it would have taken years to generate a full voltagecapacity curve. Therefore, to generate these lower-rate discharge curves, sets of batteries were discharged at higher currents to different depths of discharge, after which the current was switched to the given lower value. This resulted in discontinuous discharge curves that were pieced together to form complete discharge curves.
Model Development
Assumptions.-The following assumptions were made in developing the models for Li/CF x , Li/SVO, and Li/CF x -SVO hybridcathode batteries:
1. The cathode limits battery capacity ͑i.e., excess Li in anode͒. 2. The cathode dominates battery resistance ͑i.e., resistances in the anode and separator are negligible͒.
3. The cathode is kinetically limited ͑i.e., ohmic and masstransfer resistances are negligible͒ such that the reaction current is uniform throughout the porous electrode.
4. The effects of heat generation, degradation, and parasitic reactions are negligible.
5. The CF x and SVO particles are spherical and cylindrical, respectively, and of the average sizes given in Tables II and III and Davis et al. 10 Therefore, the local current density on the surface of a CF x particle is expressed as
where U C is the hypothetical equilibrium potential for CF x , which is a function of depth of discharge, C . The depth of discharge is related to the reaction current density due to CF x reduction ͑i.e., Reaction 1͒ by Faraday's law as
where C = 0 at t = 0.
As CF x is consumed via Reaction 1, the surface area available for the electrochemical reaction decreases over the course of discharge. For spherical particles, this area is related to the initial reaction area and the depth of discharge, C , by
where the initial reaction area is related to the initial properties of the spherical CF x particles by
Combining Eq. 3-5 gives
In general, Eq. 2 and 6 are solved simultaneously to obtain the battery voltage, E, as a function of the depth of discharge, C . For a Li/CF x battery discharged at constant current, I app , we have
Hence, combining Eq. 3 and 7 and integrating gives a linear relationship between C and time. Also, substituting Eq. 2 and 4 into Eq. 7 and rearranging gives the battery voltage as
The bracketed term in Eq. 8 is an unknown function of C , and ␤ C is an unknown constant. Equation 8 can be fit to discharge data from a Li/CF x battery to obtain these quantities.
Equations governing an Li/SVO battery.-According to Crespi et al., 6 the overall reaction occurring at the SVO electrode is
in which Li insertion is accompanied by silver and vanadium reductions. The open-circuit potential vs depth-of-discharge curve measured for the Li/SVO battery has two plateaus: one at 3.2 V, corresponding to the phase-change reduction of Ag + to Ag and the other It is important to note that these reactions may take place simultaneously. Although a simplification, this approach allows for accurate computation of the kinetic resistance associated with SVO reduction.
The overall depth of discharge of the SVO electrode is defined as the sum of the depths of discharge, S and V , of silver reduction ͑Eq. 10͒ and vanadium reduction ͑Eq. 11͒, respectively. These individual depths of discharge are defined as the values that x and y can take in Reactions 10 and 11, respectively, at any time during discharge. In a fully charged SVO electrode, these values are zero, and in a fully discharged electrode S reaches 2 and V reaches 4. Assuming Butler-Volmer kinetics holds for both silver and vanadium reductions, we get
where U S and U V are the depth-of-discharge-dependent equilibrium potentials for silver and vanadium reductions, respectively. Unlike CF x , the reaction surface area for the cylindrical SVO is constant throughout the discharge and is given by
Writing analogous material balances for silver oxide and vanadium oxide as was done for CF x ͑Eq. 3͒, and combining with Eq. 14 gives
where S = V = 0 at t = 0.
For an Li/SVO battery discharged at a constant current, I app , we have
Equations governing an Li/CF x -SVO hybrid-cathode battery.-Since the reduction currents of the component materials are additive, the three material balances ͑Eq. 6, 15, and 16͒ and the three kinetic expressions ͑Eq. 2, 12, and 13͒ are solved simultaneously to give the battery voltage as a function of the overall depth of discharge or capacity of the battery. For constant current discharge, the applied current is related to the reaction currents by
The differential-algebraic equations of the models presented above are solved using Comsol, a commercial numerical software package. For each battery shown in Table I , the equations are solved to calculate the battery voltage, E, as a function of time ͑i.e., depth of discharge or capacity͒ for a given discharge current, I app .
Results and Discussion
The Li/CF x Battery.-Equation 8, in conjunction with Eq. 3 and 7, is fit to the discharge data for Li/CF x batteries ͑see design parameters in Table I and physical parameters in Table II͒ at 10, 20, and 40 A. The statistical fit, using the commercial software Table- Curve 2D, gives the bracketed term in Eq. 8 as an empirical function of C as along with ␤ C = 0.57. Figure 1 shows the comparison between the model simulations ͑lines͒ and experimental data ͑circles͒. Equation 19 is also plotted in Fig. 1 . Note that the curves are offset from each other by 0.50 V for better clarity in comparing the data and simulations, with the 40 A discharge having no offset. The discontinuity in some of the discharge data results from sets of batteries discharged at higher currents to different depths of discharge, after which the current was switched to the given lower value. The full discharge curve was then pieced together to form the discharge curves shown in Fig. 1 . For the statistical fit described above, the data collected during the transition from high rate to low rate discharge were not used.
The Li/SVO battery.- Figure 2 shows the open-circuit potential curve measured by Crespi et al. 6 as a function of the quantity ͑x + y͒ in Reaction 9, which is equivalent to the sum of the depths of discharge of the silver and silver reduction reactions, ͑ S + V ͒. This curve is split into two curves: one spanning the region 0-2 on the x axis and the other spanning 2-6. The first part is treated as the open-circuit potential for the hypothesized silver reduction ͑i.e., Reaction 10͒ and fit as a function of its depth of discharge, S , ranging from 0 to 2. The second part is treated as the open-circuit potential for the hypothesized vanadium reduction ͑i.e., Reaction 11͒ and fit as a function of its depth of discharge, V , ranging from 0 to 4. The statistical fits, using the commercial software TableCurve 2D, are given in Table III . Using the expressions for U S and U V from Table III , the material balances ͑Eq. 15 and 16͒, the kinetic expressions ͑Eq. 12 and 13͒, are solved along with Eq. 14 and 17 and fit to the discharge data for Li/SVO batteries ͑see design parameters in Table I and physical  parameters in Table III at 5 through 1000 A͒. The unknown parameters involved are the transfer coefficients ͑␤ S and ␤ V ͒ and the exchange-current densities ͑i 0S and i 0V ͒. The values of the transfer coefficients do not affect the voltage-capacity curves significantly and, therefore, they are set to 0.5. The measured voltage at the lower plateau shows little change with current, which means that the kinetics of vanadium reduction is fast. This gives a lower limit of 10 −8 A/cm 2 for i 0V . The upper plateau, however, varies strongly with current, which was fit to
to obtain k S = 10 −10 A/cm 2 . Figure 3 shows the comparison between the model simulations ͑lines͒ and the experimental data ͑sym-bols͒. Again, the discontinuity in some of the discharge data results from piecing together sets of discharge curves. For the statistical fit described above, the data collected during the transition from high rate to low rate discharge were not used.
The Li/CF x -SVO hybrid-cathode battery.-The material balances ͑Eq. 3, 15, and 16͒, the kinetic parameters ͑Eq. 2, 12, and 13͒ and Eq. 5, 14, and 18 are solved simultaneously to generate discharge curves at various currents for the five hybrid-cathode batteries shown in Table I . The parameters estimated above with Li/CF x and Li/SVO batteries are used to simulate the discharge curves with no additional parameters fit to the data. The comparisons between model simulations ͑lines͒ and experimental data ͑symbols͒ for the five hybrid-cathode batteries are shown in Fig. 4-7 . Excellent agreement is observed for hybrid-cathode batteries HB1 through HB4 at all currents shown ͑Fig. 4-6͒.
For the largest battery ͑HB5͒, good agreement is observed below 800 A, but deviations in both voltage and capacity are observed at higher currents ͑Fig. 7͒. At higher current densities, voltage drop in the low-conducting electrolyte phase of the porous cathode becomes significant, resulting in nonuniform reaction current distributions. This invalidates the assumption of uniform reaction current distribution and purely kinetic limitations ͑i.e., assumption 3͒.
The design and operating region for which assumption 3 is valid can be determined by applying porous electrode theory. 11 Since the porous cathode is largely CF x , which obeys Tafel kinetics, the uniformity of reaction is governed by the ratio of the effective ohmic resistance of the cathode to the applied current density. This quantity is captured by the parameter ␦ ϵ f␤ C I app L͑1/ + 1/͒/A, which reduces to ␦ = f␤ C I app L/A, as the ionic conductivity is much lower than the electronic conductivity. The lower the value of ␦, the lower the ohmic limitation and the more uniform the reaction distribution. Since the model presented here assumes uniform reaction distribution and purely kinetic limitation, its validity decreases with increasing value of ␦. Based on the comparisons presented here, we see that the model predictions match experimental data when ␦ Ͻ 10 ͑ = 10 −4 S/cm͒. Deviations in the model are observed for the HB5 batteries discharging at 400 A or higher, when ␦ Ͼ 10 ͑Fig. 7͒.
Note that the model requires only the masses of CF x and SVO active materials, which are provided in Table I for all cases considered. The compositions and properties of binder and conductivity Table III . In part ͑a͒, the curves for 20, 10 and 5 A are shifted up from the 40 A curve by 0.5, 1.0 and 1.5 V, respectively. In part ͑b͒, the curves for 640, 320, 160 and 80 A are shifted up from the 1000 A curve by 0.5, 1.0, 1.5 and 2.0 V, respectively. aid do not matter as long as the effective electronic conductivity of the cathode is sufficiently large so that ␦ is less than 10.
Effect of current on component depths of discharge ( C , S , V ).-
The model is used to study the effect of current on the timevariation of the depths of discharge of the components of the hybrid cathode. Two cases are considered, namely, a low-current case when the battery operates closer to equilibrium, and a high-current case, when the battery operates farther from equilibrium. The predicted component depths of discharge of silver reduction ͑ S ͒, CF x reduction ͑ C ͒, and vanadium reduction ͑ V ͒ are shown in Fig. 8a . The predicted battery voltages for the two currents are shown in Fig. 8b . The abscissa in the figure is the depth of discharge of the battery, defined as −I app t/͑Q C + Q SV ͒. The simulations are for the case of the HB2 battery discharging at 1 and 1000 A. However, for given initial specific surface areas of CF x and SVO ͑a C and a SV ͒ the curves in Fig. 8 are governed only by two parameters: −I app /͑Q C + Q SV ͒ and the mix ratio, m ͑ϵQ C /Q SV ͒. The order of the reactions and the shape of the voltage curve are determined by the relative polarizations experienced by the individual components, which in turn depend on the individual equilibrium potentials and reaction kinetics.
For the low-current case, silver and vanadium reductions occur for about the first 10% of discharge until silver reduction reaches near completion ͑i.e., S → 2͒. This brings the battery voltage down to values where CF x reduction begins and its depth of discharge ͑ C ͒ starts to increase. Over the next 70% of discharge, C increases while S and V remain nearly constant. At about 80% battery depth of discharge, C reaches a value of about 0.9 bringing the battery voltage down to values where vanadium reduction begins to occur. Beyond this point, S and C remain nearly constant while V increases, supplying the next 10% of discharge capacity. When battery depth of discharge reaches a value of about 0.9, vanadium reduction reaches near completion ͑i.e., V → 4͒ bringing the battery voltage down to the cutoff value of 2.2 V. Note that CF x alone provides about 70% of the discharge capacity as the hybrid cathode considered here is predominantly CF x ͑HB2 battery, mix ratio = 7.5:1͒.
The same order of reactions is maintained for the high-current discharge except that vanadium reduction supplies a greater fraction of the battery capacity initially. During the first 10% of discharge, V reaches a higher value in the high-current case, a result of vanadium reduction being significantly faster than silver and CF x reductions. For the same reason, the difference in the battery voltages for the high and low currents is large except in the last 10% of discharge, where nearly all the capacity is supplied by vanadium reduc- tion. The greater polarization in the high-current case causes the battery to reach cutoff voltage before vanadium reduction is complete ͑i.e., before V reaches 4͒.
Conclusion
A mathematical model is developed that predicts the voltagecapacity behavior of a primary lithium battery containing a hybrid cathode. The model is developed using the material balances and kinetic expressions for CF x and SVO, extracting kinetic and thermodynamic parameters from data collected on Li/CF x and Li/SVO batteries, and then integrating this information into a hybrid system. The full model is validated by comparing simulations to experimental data on hybrid-cathode batteries of various designs and for a range of discharge currents. The ratio of cathode ionic resistance to the applied current density, ␦, is identified as the parameter governing the validity range of the model. For battery designs and operating currents such that ␦ Ͻ 10, close agreement is observed between experimental data and model simulations. In the case of thick electrodes operating at high currents ͑i.e., when ␦ Ͼ 10͒, ohmic resistance is important, the reaction in the porous electrode is nonuniform, and the model overpredicts battery voltage and delivered capacity. Including ohmic resistance in the model makes it somewhat more mathematically intensive, and will be the subject of future work by our group. 
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